Introduction
Let X be a real vector space. We will use the following notations A + B := { + : ∈ A ∈ B} and λA := {λ : ∈ A} for A B ⊂ X and λ ∈ R.
A subset K of X is called a cone if λK ⊂ K for all positive numbers λ. A cone K is said to be convex if K is a convex set.
Let X and Y be two real vector spaces, K ⊂ X be a convex cone and let (Y ) denote the set of all nonempty subsets of Y . A set-valued function F : K → (Y ) is called additive if
F ( + ) = F ( ) + F ( ) ∈ K
A set-valued function F : K → (Y ) is said to be Q + -homogeneous if
where Q + denotes the set of all positive rational numbers.
Definition 1.1 (see [14]).
Let (K +) be a semigroup. A one-parameter family {F : ≥ 0} of set-valued functions F : K → (K ) is said to be cosine if
for every ∈ K and
for all ∈ K and 0 ≤ ≤ .
Definition 1.2 (see [14]).
Let X be a normed space, let K ⊂ X be a convex cone in X and let (K ) denote the set of all nonempty compact convex subsets of K. A cosine family {F : ≥ 0} of set-valued functions where is the Hausdorff distance extracted from the norm in X .
Definition 1.3 (see [14]).
Let X be a normed space and let K ⊂ X be a convex cone in X . A cosine family {F : ≥ 0} of set-valued functions F : K → (K ) is continuous if the set-valued function → F ( ) is continuous (with respect to the Hausdorff distance)
for every ∈ K .
Cosine families and regular cosine families of set-valued functions have been introduced in [14] and were studied in [14] , [9] and [1] for continuous additive set-valued functions. Specifically the continuity of regular cosine families of continuous additive set valued functions F : K → (K ), where K is a convex cone with nonempty interior in a Banach space X , is proved in [14] .
Let {G : > 0} be a family of set-valued functions G : K → (K ) fulfilling condition (2) for ≥ > 0 Define a new family {F : ≥ 0} by the formula
This family is cosine.
Definition 1.4.
Let K be a semigroup. A one-parameter family {F : ∈ R} of set-valued functions F : K → (K ) is called full cosine if conditions (1) and (2) hold for all ∈ K and ∈ R Many papers dealing with single-valued cosine families in fact are devoted to full cosine families for example [17] .
Full cosine families of set-valued functions were considered in [10] .
Let X be a normed space and K be a convex cone in X and let {F : ∈ R} be a full cosine family of of set-valued functions F : K → (K ), where (K ) denotes the set of all bounded convex closed members of (K ). Setting = 0 in (2) we obtain
According to the Rådström Cancellation Lemma one has
We see that a full cosine family of set-valued functions F : K → (K ) is commutative. It is obvious that the restriction {F : ≥ 0} of a full cosine family of set-valued functions F : K → (K ) is also commutative.
M. Sova in [12] proved that every regular cosine family of single-valued continuous linear functions on a Banach space is commutative. The goal of this paper is to prove the same for regular cosine families of continuous additive set-valued functions. A regular cosine family of continuous additive set-valued functions can be extended to a full cosine family. The last will be proved at the end of the paper.
Preliminaries
Let X be a normed space and let (X ) denote the set of all compact members of (X ). If A A ∈ (X ) ∈ N, we say that the sequence (A ) is convergent to A and we write A → A if (A A) → 0, where denotes the Hausdorff metric in X . Concepts of the limit of a set-valued function at a point and the continuity of a set-valued function are related to in this paper. Let A B and C be sets of (X ). We say that C is the Hukuhara difference of A and B, i.e. C = A − B, if A = B + C . By the Rådström Cancellation Lemma if this difference exists, then it is unique.
Lemma 2.1 (Lemma 1 in [9]).

Let X be a Banach space and A A B B ∈ (X ) ∈ N. If A → A, B → B and there exist the Hukuhara differences A − B for ∈ N, then there exists the Hukuhara difference A − B and A − B → A − B.
Lemma 2.2 (Lemma 3 in [15]).
Let X and Y be two real normed vector spaces and let K be a closed convex cone in X . Assume that F : K → (Y ) is a continuous additive set-valued function and A B ∈ (K ). If there exists the difference A − B ∈ (K ), then there exists F (A) − F (B) and F (A) − F (B) = F (A − B).
Let X and Y be two normed spaces. Let K ⊂ X be a convex cone and K = {0}, where 0 denotes the vector zero in X .
-homogeneous set-valued function and lim →0 F ( ) = {0}, then the functional
where F ( ) = sup{ : ∈ F ( )} is finite (cf. Lemma 2 in [14] ).
Lemma 2.3 (Lemma 5 in [14]).
Let X and Y be two real normed spaces. Suppose that K is a convex cone with nonempty interior in X . Then there exists a positive constant M 0 such that for every continuous additive set-valued function F : K → (Y ), the inequality
Lemma 2.4 (Lemma 1.9 in [13]).
Let (X ρ) be a metric space and let F be a set-valued function from X into X . If for a positive number M the inequality
(F ( ) F ( )) ≤ Mρ( ) holds for every ∈ X , then (F (A) F (B)) ≤ M (A B) for every nonempty subsets A B of X .
Lemma 2.5 (Lemma 5 in [11]).
Let K be a closed convex cone with nonempty interior in a Banach space. Suppose that F F G G
Lemma 2.6. (see Theorem 3.1.6 in [3] ). This completes the proof.
Let X be a Banach space and let K be a closed convex cone. Let H : [0 ∞) → (K ) be a set-valued function such that the Hukuhara differences H( ) − H( ) exist for ≥ 0 such that 0 ≤ ≤ . The Hukuhara derivative of H at > 0 is defined by the formula DH( ) = lim
whenever both these limits exist. Moreover,
Cosine and sine families
In this part of the paper we will present some properties of cosine and sine families of continuous additive set-valued functions. Proof. Fix ≥ 0 and ∈ K . By (3)
Suppose that is a fixed positive integer and
for 1 ≤ ≤ . In virtue of the definition of cosine families, and by (3), the inclusion
and cancelling the set F ( −1) ( ), we get
for every ∈ K , ∈ N. Suppose that ∈ N and > . Then > . By (5) we have
The regularity of the cosine family {F : ≥ 0} implies its continuity (see Theorem 2 in [14] ), therefore the inclusion
Lemma 3.3 (Lemma 9 in [9]).
Let X K and {F : ≥ 0} be such as in Lemma 3.1. Then set-valued functions → F ( ) ( ∈ K ) are concave, there exist set-valued functions G
for all > 0, ∈ K and the convergence is uniform on every nonempty compact subset of K . Moreover, G + and G − are additive, continuous,
Lemma 3.4.
Let X K and {F : ≥ 0} be such as in Lemma 3.1. Then the set-valued functions → F ( ) ( ∈ K ) are differentiable and G + ( ) = G − ( ) + 2F [G ( )] (6) for 0 ≤ ≤ and ∈ K , where G ( ) := D F ( ).
Proof. The differentiability of the set-valued functions → F ( ) ( ∈ K ) was proved in [9] in the first part of the proof of Theorem. Moreover, the equality
for all ∈ K is established there. Equality (6) for 0 < < is showed in the last part of the same proof. This should be emphasized that the commutative assumption in Theorem in [9] is not needed in the first part and in the last one of its proof. Now we shall prove (6) for 0 < = . According to (2) and Lemmas 2.1-2.4 we obtain for 0 < <
This implies (6) for ∈ K and 0 < ≤ .
Equality (6) holds also for = 0 by (7).
Definition 3.5 (see [6]).
Let K be a convex cone in a real vector space X . Assume that {F : ≥ 0} is a family of set-valued functions F : K → (K ) for ≥ 0. A family {G : ≥ 0} of set-valued functions G : K → (K ), ≥ 0 is called sine family associated with the family {F : ≥ 0} if equality (6) holds.
Since families of additive continuous set-valued functions are investigated in [4] and [6] . In particular a representation theorem of set-valued sine families is presented in [4] .
The immediate consequence of Theorem 3.1 of paper [6] is the following. 
Proof. By Lemmas 3.1 and 3.3 the set-valued functions → F ( ) ( ∈ K ) are concave and there exist all differences
Hence and by (7) we get
and
Since set-valued functions → F ( ) ( ∈ K ) are increasing (see Lemma 3.2) we have
In view of Lemma 3.6 the set-valued functions → G ( ) ( ∈ K ) are continuous in [0 +∞). Since they are midpoint concave (i.e. they fulfill the last inclusion) according Theorem 1 in [7] the set-valued functions → G ( ) are concave. 
for ∈ K , ≥ 0 and
for ∈ K , > 0. Thus (8) (8) and Lemma 2.5, lim
To end the proof it is enough to show (9) . Let ∈ K , 0 < < and 0 < < − . The following equalities hold true
Taking the limit when → 0+ we obtain (9) for 0 < < . The continuity of the set-valued functions → H ( ) ( ∈ K ) and equality (9) for 0 < < leads to (9) for all 0 ≤ ≤ .
The main result
In the proof of the main theorem of the paper we shall need the following lemma (see Theorem 2 in [5] ).
Lemma 4.1.
Let K be a closed convex cone with nonemty interior in a Banach space and let set-valued functions F G H : K → (K ) be continuous and additive. Then there exists exactly one continuous set-valued function
which is twice differentiable with respect to the first variable and it satisfies the following differential problem
Moreover, it is linear with respect to the second variable.
Theorem 4.2.
Let K be a closed convex cone with nonempty interior in a Banach space X . Suppose that {F : ≥ 0} is a regular cosine family of continuous additive set-valued functions F
for ∈ K and ≥ 0.
Proof. Fix ≥ 0 and define
for ∈ K , ≥ 0. We see that
According to Lemmas 2.2, 2.5 and 3.4 we have
for ∈ K and ≥ 0 and similarly
for > 0 ∈ K . Moreover, we obtain by (2) and Lemma 3.4
Formulas (12), (13), Lemma 3.4 and (7) imply
for ∈ K . Moreover, by Lemma 3.7
and by (13)
Hence, again by Lemma 3.7, we have
By (11), (12) 
Remark 4.3.
Our result is similar in the formulation to Sova's result 2.9 in [12] but the idea of Sova's proof cannot be applied in the set-valued case.
Remark 4.4.
If X K {F : ≥ 0} are as in Theorem 4.2 and F are single-valued then F ( ) = { } for every ≥ 0 and ∈ K . Thus Theorem 4.2 cannot be treated as generalization of Sova's result (see 2.9 in [12] ).
An application of commutativity
Suppose that X , K and {F : ≥ 0} are as in Theorem 4.2. We shall define a new family { F : ∈ R} of continuous additive set-valued functions F : K → (K ) such that F ( ) = F ( ) for ∈ K , ≥ 0 and
for ∈ K , ∈ R. Put
It is obvious that (17) holds for 0 ≤ ≤ . Now consider 0 ≤ ≤ , ∈ K . Then we have 
